Abstract. In this paper we introduce and study a new classes of functions called somewhat ω-continuous functions as a generalization of the somewhat continuous functions.
Introduction and preliminaries
Generalized open sets play a very important role in General Topology and they are now the research topics of many topologists worldwide. Indeed a significant theme in General Topology and Real Analysis concerns the variously modified forms of continuity, separation axioms etc. by utilizing generalized closed sets. Recently, as generalization of closed sets, the notion of ω-closed sets were introduced and studied by Hdeib [3] . A point x ∈ X is called a condensation point of A if for each U ∈ τ with x ∈ U , the set U ∩ A is uncountable. A subset A is said to be ω-closed [3] if it contains all its condensation points. The complement of an ω-closed set is said to be an ω-open set. It is well known that a subset W of a space (X, τ ) is ω-open if and only if for each x ∈ W , there exists U ∈ τ such that x ∈ U and U \W is countable. The family of all ω-open subsets of a topological space (X, τ ) forms a topology on X which is finer than τ . The set of all ω-open sets of (X, τ ) is denoted by ωO(X). The set of all ω-open sets of (X, τ ) containing a point x ∈ X is denoted by ωO(X, x). The intersection of all ω-closed sets containing S is called the ω-closure of S and is denoted by ω Cl(S). The ω-interior of S is defined by the union of all ω-open sets contained in S and is denoted by ω Int(S). A function f :
clearly every continuous function is an ω-continuous function.
Somewhat ω-continuous functions
Definition 2.1. A function f : (X, τ ) → (Y, σ) is said to be somewhat ω-continuous if for U ∈ σ and f −1 (U ) = ∅, there exists an ω-open set V in X such that V = ∅ and V ⊂ f −1 (U ).
Observe that every ω-continuous function is somewhat ω-continuous, but the converse is not true in general.
Example 2.2. Let X = R with topology the standard topology τ and Y = {a, b} with topology σ = {∅, Y, {a}, {b}}. Define F : (R, τ ) → (Y, σ) as follows:
It is easy to see that F is somewhat ω-continuous but is not ω-continuous.
It is clear that every somewhat continuous function is somewhat ω-continuous. But the converse is not true in general.
Example 2.4. Let X = R with topology τ = {∅, R, Q} and Y = R with topology σ = {∅, R, Q, R − Q}. Define F : (R, τ ) → (R, σ) as the identity function. It is easy to see that F is somewhat ω-continuous but is not somewhat continuous.
The following example shows that the composition of two somewhat ω-continuous need not be somewhat ω-continuous, even if one of then is ω-continuous and not continuous, the composition need not be somewhat ω-continuous.
Example 2.5. Let X = R with topology τ = {∅, R, R − Q} and Y = {a, b, c} with topologies β = {∅, Y, {b}, {a, c}} and σ = {∅, Y, {a, b}}. Define
where e is an irrational number. Let g : (Y, β) → (Y, σ) the identity map. Observe that f is ω-continuous and not continuous, g is somewhat ω-continuous but the composition gf is not somewhat ω-continuous, because (gf ) −1 ({a, b}) = Q ∪ {e} and there are not exists ω-open set V in X such that V ⊆ (gf ) −1 ({a, b}).
The next proposition states that if the map g is continuous and f is somewhat ω-continuous, then the composition is somewhat ω-continuous.
Example 2.8. Let X = R with topology τ = {∅, R, Q}. It is easy to see that R − Q is an ω-dense set in X, but Q is not an ω-dense set in X.
, the following statements are equivalent:
Lemma 2.11. [1] Let A and B be subsets of a space (X, τ ).
(1) If A ∈ ωO(X, τ ) and B ∈ τ , then A ∩ B ∈ ωO(B, τ B ); (2) If A ∈ ωO(B, τ B ) and B ∈ ωO(X, τ ), then A ∈ ωO(X, τ ). 
Thus we find that f is somewhat ω-continuous. The proof of other cases are similar.
Definition 2.13. If X is a set and τ and σ are topologies on X, then τ is said to be ω-equivalent (equivalent [2] ) to σ provided if U ∈ τ and U = ∅,
Example 2.14. Let X = R with topologies τ = {∅, R, Q} and σ = {∅, R, Q, R − Q}. It is easy to see that τ and σ are ω-equivalent but τ and σ are not equivalent.
Now, consider the identity function f : (X, τ ) → (Y, σ) and assume that τ and σ are ω-equivalent. Then f : (X, τ ) → (Y, σ) and f −1 : (Y, σ) → (X, τ ) are somewhat ω-continuous. Conversely, if the identity function f : (X, τ ) → (X, σ) is somewhat ω-continuous in both directions, then τ and σ are ω-equivalent.
Proposition 2.15. Let f : (X, τ ) → (Y, σ) be a somewhat ω-continuous surjection and τ * be a topology for X, which is ω-equivalent to τ. Then f : (X, τ * ) → (Y, σ) is somewhat ω-continuous.
Proposition 2.16. Let f : (X, τ ) → (Y, σ) be a somewhat ω-continuous surjection and σ * be a topology for Y , which is equivalent to σ. Then f : 
It is easy to see that F is somewhat ω-open but is not somewhat open.
Proposition 2.21. For a bijective function f : (X, τ ) → (Y, σ), the following statements are equivalent:
Proof. Since f is somewhat ω-open if and only if f −1 is somewhat ω-continuous, then (1)⇔(2) is obvious by Theorem 2.10.
Proposition 2.22. For a function f : (X, τ ) → (Y, σ), the following statements are equivalent:
Proof.
(1)⇒(2): Suppose A is an ω-dense set in Y . We want to show that f −1 (A) is a dense subset of X. Suppose not, then there exists a closed set
This implies that A is not an ω-dense set in Y , which is a contradiction. Therefore, f −1 (A) must be a dense set in X.
(2)⇒(1): Suppose A is a nonempty open subset of X. We want to show that Let τ * and σ * be topologies for X and Y , respectively such that τ * is equivalent to τ and σ * is ω-equivalent to σ. Then f : (X, τ * ) → (Y, σ * ) is somewhat ω-open.
